In the feedback vertex set problem, the aim is to minimize, in a connected graph G = (V , E), the cardinality of the set V (G) ⊆ V , whose removal induces an acyclic subgraph. In this paper, we show an interesting relationship between the minimum feedback vertex set problem and the acyclic coloring problem (which consists in coloring vertices of a graph G such that no two colors induce a cycle in G). Then, using results from acyclic coloring, as well as other techniques, we are able to derive new lower and upper bounds on the cardinality of a minimum feedback vertex set in large families of graphs, such as graphs of maximum degree 3, of maximum degree 4, planar graphs, outerplanar graphs, 1-planar graphs, k-trees, etc. Some of these bounds are tight (outerplanar graphs, k-trees), all the others differ by a multiplicative constant never exceeding 2.
Introduction and preliminaries
In this paper, we address the minimum feedback vertex set problem in connected graphs. A feedback vertex set, or FVS of a connected graph G = (V , E) is a subset V of vertices of G such that the (possibly disconnected) graph G induced by V \V is a forest (that is, contains no cycle). A minimum feedback vertex set, or MFVS in G is a FVS of minimum cardinality, and is denoted V (G). The MFVS problem finds its motivation in several areas of computer science such as combinatorial circuit design [12] , * Corresponding author.
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It has been shown that the problem of finding a MFVS in a graph G is NP-hard in general; however, a large literature shows that it becomes polynomial when addressed to specific families of graphs such as interval graphs [15] , permutation graphs [7] and cocomparability graphs [10] , among others. Moreover, several recent papers have developed methods to find bounds on the minimum feedback vertex set in several families of graphs, such as d-dimensional grids and tori, butterfly networks and hypercubes [2, 9, 16, 12] . For general graphs, the best known algorithm has an approximation ratio of 2 [1] . We refer to [11] for a rather complete and recent survey on the feedback vertex set problem.
In this paper, we establish an interesting connection between this problem and a coloring problem on graphs, acyclic coloring. An acyclic coloring of a graph G = (V , E) is a coloring of its vertices, satisfying the two following rules:
(a) No two neighboring vertices are assigned the same color (this is also denoted as proper coloring). (b) Let V a ⊆ V be the set of vertices of G that are assigned color a. Then, for any a = b, the subgraph G of G induced by V a ∪ V b must be acyclic.
The minimum number of colors necessary to color G is called acyclic chromatic number of G, and is denoted a (G) . Similarly, for a family F of graphs, the acyclic chromatic number of F , denoted by a(F ), is defined as the maximum a(G) over all graphs G ∈ F . Determining the acyclic chromatic number of a graph G is also a NP-complete problem in general. It has been widely studied in the past 25 years, and in particular, as we will see in the following, several authors have been able to determine a(F ) for several families F of graphs such as graphs of maximum degree 3 [13] , of maximum degree 4 [8] , planar graphs [3] , planar graphs with "large" girth [5] , outerplanar graphs (see, for instance, [18] ), 1-planar graphs [4] , etc.
Our main contribution here is to establish a direct connection between the acyclic chromatic number of a connected graph G and the cardinality of a minimum feedback vertex set in G. Starting from this, we will develop some techniques to determine lower and upper bounds on the MFVS cardinality of several large families of graphs, such as graphs of maximum degree 3, of maximum degree 4, planar graphs, planar graphs with girth greater than or equal to 5 (respectively 7), outerplanar graphs, 1-planar graphs, k-trees, etc. In some of these cases, the given bounds are tight; in all the other cases, we are able to show that the lower and upper bounds differ by a multiplicative constant at most equal to 2. Most of the time, this constant will be strictly less than 2. These upper bounds might not always be tight, but they have the very interesting property that they apply in very large families of graphs (consider planar graphs or graphs of maximum degree d ∈ {3, 4}, for instance). Until now, close bounds on the cardinality of a MFVS were given in much smaller families (e.g., d-dimensional grids, butterfly networks, hypercubes).
In Section 2, we will first formalize the connections that exist between acyclic chromatic number and cardinality of a MFVS. In Section 3 we will then determine lower and upper bounds on the MFVS cardinality of the above mentioned families of graphs.
Connection between MFVS and acyclic coloring
In this section, we first make the connection between the acyclic chromatic number of a graph G and the cardinality of a MFVS in G. Our results are the following.
Proof. Suppose we have an acyclic coloring of G = (V , E) that uses k colors. We then partition the set 
is an FVS and its cardinality is less than or equal to
Note that there exists an infinite number of cases for which this bound is tight, see Section 3.5.
We also have a simple lower bound for | V (G)|.
Lemma 2. For any nontrivial graph
Proof. Let V (G) be a feedback vertex set of G. We define the following coloring: each vertex of V (G) is assigned a different color. The remaining vertices of V \ V (G) (which induce a forest) are colored by 2 new colors. This coloring is clearly proper and acyclic, and
We note that the bound given in Lemma 2 is also tight, see the MFVS cardinality of complete graphs or complete k-partite graphs (cf. Tables 1 and 2) .
Caragiannis et al. [9] proved a general lower bound for the MFVS cardinality of graphs of maximum degree r. Their result, that we will use several times in the rest of this paper, is the following.
Lemma 3 [9] . Any feedback vertex set V (G) in a graph G = (V , E) with maximum degree r satisfies:
Applications
Formally, the MFVS cardinality of a family F of graphs is defined as the maximum cardinality of a MFVS over all the graphs that belong to F . Let V (F ) denote this value. Using the result of Lemma 1, it is now possible to exploit already known results about acyclic coloring in several families of graphs, and incorporate them in Lemma 1 to get upper bounds results. Moreover, using several different techniques, we will also prove lower bound results. Namely, we define by lower bound on the MFVS cardinality of F any lower bound for V (F ).
In some cases, those lower and upper bounds coincide, up to a small additive constant (outerplanar graphs, k-trees), showing that Lemma 1 is tight; in other cases, our lower bounds do not meet the upper bound, but they differ by a multiplicative constant c never exceeding 2. Most of the time, c will be strictly less than 2.
Graphs of maximum degree 3
Theorem 1 [13] . For any graph G with maximum degree 3, a(G) 4.
Applying Lemma 1 to the above result immediately gives the following proposition. 
Graphs of maximum degree 4
Theorem 4 ([8] , also independently shown by Kostochka). For any graph G with maximum degree 4, a(G) 5.
Applying Lemma 1 to this result immediately gives the following proposition.
Proposition 5 (MFVS in graphs of maximum degree 4-upper bound). For any graph G of maximum degree 4 and of order
N , | V (G)| 3N/5.
Proposition 6 (MFVS in graphs of maximum degree 4-lower bound). For any integer N 4, there exists a graph G of maximum degree 4 and of order
Proof. We will use two different "basic" graphs, that we will arrange together to form graphs G of maximum degree 4 and order N , that satisfy the given inequality. Those two basic graphs are the complete graphs K 3 and K 4 . We note that for any n 3, | V (K n )| = n − 2 (indeed, deleting a vertex in K n and its incident edges yields K n−1 , which is acyclic iff n − 1 = 2). In particular, Suppose now that N = 4p. In this case, construct G by taking p copies of K 4 (call them the K 4,i , 1 i p), and connect one vertex of K 4,i to a vertex of K 4,i+1 by an edge e i , for every 1 i p − 1, in such a way that the resulting graph remains of maximum degree 4 (this is always possible: it suffices that any vertex in K 4,i be involved in at most one connection to another K 4,j , j ∈ {i − 1, i + 1}). The resulting graph G is of order N = 4p, and clearly we have | V (G)| 2p, because no edge e i participates in a cycle in G, and for every K 4,i , two vertices at least must be removed in order to get an acyclic graph. When N = 4p + 1 (respectively N = 4p + 2) add one (respectively two) pendent edge(s) to G. In that case, | V (G)| 2p. Finally, when N = 4p + 3, we take a copy of K 3 that we add to the original "chain of K 4 " by connecting any vertex v of G such that deg(v) = 3 to any vertex of K 3 . In that case, | V (K 3 )| = 1, and thus one more vertex is to be removed in order to get an acyclic graph. Thus | V (G)| 2p + 1. Globally, this gives the result. ✷
Planar graphs
Borodin [3] has shown that for any planar graph G, a(G) 5. He also showed an example of a planar graph for which acyclic coloring needs 5 colors (cf. graph G 2 of Fig. 1 ), thus obtaining optimality, and showing that if P denotes the family of planar graphs, then a(P) = 5. Combining this deep result with the one of Lemma 1, we get the following proposition.
Proposition 7 (MFVS in planar graphs-upper bound). For any planar graph
We are also able to show a lower bound of | V (G)| N/2 for planar graphs of arbitrary order N , thus showing that the multiplicative ratio between the upper and lower bound is equal to 1.2. This is the purpose of the following proposition.
Proposition 8 (MFVS in planar graphs-lower bound). For any integer N 3, there exists a planar graph
Proof. We will use four different "basic" graphs, that we will arrange together to form graphs G of greater order N , that satisfy | V (G)| N/2 . We will first detail the arguments for four basic graphs: they are, respectively, K 3 , K 4 , and the graphs G 1 and G 2 of Fig. 1 . As seen in proof of Proposition 6, in the cases n = 3 and n = 4, we have, respectively, | V ( Now that we have determined the cardinality of a MFVS for our four basic graphs, we will use these graphs to construct graphs G of arbitrary order N 3 such that | V (G)| N/2 . For this, we distinguish four cases:
• N = 4p, p 1. As in proof of Proposition 6, we construct G by taking p copies of K 4 (call them the K 4,i , 1 i p), and we connect one vertex of K 4,i to a vertex of K 4,i+1 by an edge e i , for every 1 i p − 1. Here, we do it in such a way that the resulting graph remains planar (which is always possible). The resulting graph G is of order N = 4p, and for the same reasons as in proof of Proposition 6, we have | V (G)| 2p.
• N = 4p + 1. Do the same, taking p − 1 copies of K 4 and a copy of G 1 . We then see that
• N = 4p + 2. Do the same, taking p − 1 copies of K 4 and a copy of G 2 . We then see that
• N = 4p + 3. Do the same, taking p copies of K 4 and a copy of K 3 . We then see that
In all the cases, we have shown that it is possible to find a planar graph G of arbitrary order N 2 such that | V (G)| N/2 , which proves the above proposition. ✷ For any graph G, the girth of G, denoted by g, is the minimum chordless cycle in G. In [5] , the authors have proved the following theorem.
Theorem 9 [5] . For any planar graph G with girth g:
Using the above result and the one of Lemma 1, we get the following result.
Proposition 10 (MFVS in planar graphs with girth g-upper bound). For any planar graph G of order N and girth g:
Similarly, we are able to derive lower bounds for the size of a MFVS in a graph G of arbitrary order N , G belonging to the family of planar graphs with girth at least 5 (respectively with girth at least 7). This is the purpose of Propositions 11 and 12 below. Proof. Starting from the dodecahedron graph H of Fig. 2 , we will construct a graph G satisfying the above property. In order to prove this, we will use an argument similar to the one of proof of Proposition 8. H is planar and of girth 5. Moreover, it has 20 vertices, 30 edges and is of maximum degree 3, thus by Lemma 3, we have | V (H )| 11/2. In other words, | V (H )| 6, and it can be seen that the equality holds.
We will also use 3 other graphs for our construction: the cycle of length 5, C 5 , and graphs G 5 and G 5 of Fig. 3 (left and middle) . Those three graphs are planar and of girth 5 and, by Lemma 3, it is easy to check that | V (
Now, for any N = 20p + q, p 1 and 0 q 19, construct a chain of p copies of H , to which we add: Call the resulting graph G . Clearly, G can be constructed in such a way that it is planar. Moreover, it is of girth 5, and it can be seen that: Proof. Similarly to proof of Proposition 11, using graph G 7 of Fig. 3 (right) as our "basic graph". G 7 has 12 vertices, 14 edges, and is of maximum degree 3, thus by Lemma 3, we have | V (G 7 )| 3/2. In other words, | V (G 7 )| 2, and it can be seen that the equality holds. Now, for any N = 12p + q, p 1 and 0 q 11, construct a chain of p copies of G 7 , to which we add either a chain with q vertices if 0 q 6, or a cycle of order q otherwise. Call the resulting graph G .
Clearly, G is planar, of girth 7, and it can be seen that:
In all the cases, we see that | V (G )| N/6 − 1. ✷
Outerplanar graphs and 1-planar graphs
An outerplanar graph G is a graph that can be drawn on the plane in such a way that it is planar and all its vertices are lying on one face. The following is a well-known result, that can be found, for instance, in [18] .
Theorem 13. For any outerplanar graph G, a(G) 3.
By application of Lemma 1 on the above result, we get the following proposition.
Proposition 14 (MFVS in outerplanar graphs-upper bound). For any outerplanar graph G of order N , | V (G)| N/3.
Moreover, it is possible to show that the general lower bound given in Proposition 14 above is tight. A graph G is said to be 1-planar if it can be drawn in the plane in such a way that every edge crosses at most one other edge. We have the following result, proved in [4] . [4] . For any 1-planar graph G, a(G) 20.
Theorem 16
By application of Lemma 1 on the above results, we get the following proposition. H 1 , H 2 , . . . , H p ) , and connect exactly one vertex of H i to a vertex of H i+1 , 1 i p − 1. There remains q vertices to add to this graph: if 1 q 6, then take a copy of K q and connect any of its vertices to a vertex of H p (it is easy to see that K q is 1-planar when 1 q 6). If q = 7, take a copy of K 6 and connect it as described above, and add a new vertex connected by a pendent edge to the construction. Call this new graph G. It can be easily seen that for any N 8, G is 1-planar. Moreover, for each copy of H it contains, the cardinality of an MFVS must be increased by 5. Finally, the q "last" vertices we have added will increase the cardinality of an MFVS by q − 2 if 3 q 6, and q − 3 if q = 7. Globally, we have | V (G)| 5p + f (q), where f (q) = 0 if 0 q 2, f (q) = q − 2 if 3 q 6 and f (q) = 4 if q = 7. In all the cases, we can see that
k-trees
We recall the definition of a k-tree [6] :
It is well known that 1-trees are trees, and that outerplanar graphs are partial 2-trees. We now prove the following simple observation.
Observation 1. For any k-tree G k of order
Proof. By definition of a k-tree G k , we know that at least k + 1 colors are necessary to acyclically color any G k of order N k + 1, since in that case K k+1 is a subgraph of G k . Moreover, we can show that a(G k ) k + 1 for any k 1 using the following coloring: first, color the vertices of K k with k pairwise different colors. Each time a new vertex is added (with edges (u, u i ), where u i , 1 i k are vertices of a complete graph K k ), use the only color among 1, 2, . . ., k + 1 that is not used by any of the u i . This coloring is clearly proper (no two neighbors are assigned the same color), and it is also acyclic. Indeed, no bicolored cycle can go through u, because for any pair u p , u q of neighbors of u, u p and u q are assigned pairwise different colors. This shows that for any k-tree G k , a(G k ) k + 1. Altogether, we then get the result. ✷ By the above observation and by application of Lemma 1, we get the following result. 
Proposition 19 (MFVS in k-trees-upper bound). For any
Proof. For any k 2 and any N k + 1, let N = p · (k + 1) + q, where p 1 and 0 q k. We will construct the k-tree G k using the following method: start by a copy of the complete graph K k+1 , and call its vertices In order to prove that | V (G k )| (k − 1)/(k + 1) · N − 2, it suffices to note that for any integer 0 l p − 1, the set of vertices V l = {u l(k+1)+1 , u l(k+1)+2 , . . . , u (l+1)(k+1) }, induces a graph that is isomorphic to the complete graph K k+1 . However, we know that for any m 2, | V (K m )| = m − 2. Thus, for any set V l , 0 l p − 1, it is necessary to remove at least k − 1 vertices in G k in order to get an acyclic graph. However, if q 3, this is not sufficient. Indeed, let V = {u p(k+1)+1 , u p(k+1)+2 , . . . , u p(k+1)+q }. The graph induced by the vertices of V is also isomorphic to a complete graph, more precisely to K q . Thus it is necessary to remove also q − 2 vertices to G k in order to get an acyclic graph. We then distinguish two cases: 
2-trees
which satisfies the inequality of Proposition 20 since k 2 and 0 q 2.
However, since 3 q k, it can be seen that 2q/(k + 1) − 2 is always greater than or equal to −2.
In all the cases, we have shown that for any k 2 and N k + 1, there exists a G k for which we have | V (G k )| (k − 1)/(k + 1) · N − 2. ✷ Remark 2. We note that in the case k = 2, it is possible to refine this lower bound (more precisely the additive constant between the lower and upper bound is no more than 1). Indeed, the construction of G 2 in proof of Proposition 20 above in the case k = 2 yields a graph with N vertices, 2N − 3 edges and of maximum degree 4. Using the lower bound of Lemma 3, we then get | V (G 2 )| (N − 2)/3.
Conclusion
In this paper, our main contribution is to make an interesting connection between the acyclic chromatic number of a graph G and the cardinality of its MFVS. This connection shows that graphs "live" on a special region of the 2D space acyclic chromatic number, MFVS cardinality . This region delimited by Lemmas 1 and 2 is shown to be optimal since we have graph families on the borders (outerplanar graphs and k-trees for the upper border, complete k-partite graphs for the lower one).
We then have exploited already known deep results on the acyclic coloring of large families of graphs to get new and good approximations on the MFVS cardinality for graphs belonging to large families, such as graphs of maximum degree 3, of maximum degree 4, planar graphs, planar graphs with given girth, 1-planar graphs, showing that the acyclic coloring approach gives fruitful results for the MFVS problem. We note that, conversely, getting relevant results concerning the acyclic chromatic number from known MFVS cardinality results remains an open question (the only result being Lemma 2). Tables 1 and 2 summarize the results presented here, as well some other results that we have referred to in this paper (i.e., complete graphs, complete k-partite graphs). The numbers that appear between parentheses refer to results coming from this paper. The ones that appear between brackets are citations from which those results come from. In Table 1 , the numbers displayed in the column "Ratio" give the multiplicative ratio that exists between the lower and upper bounds for the MFVS cardinality. When this ratio is equal to 1 (thus leading to an optimal result), it is given in bold characters.
